We prove that a pure entangled state of two subsystems with equal spin is equivalent to a twomode spin-squeezed state under local operations except for a set of bipartite states with measure zero, and we provide a counterexample to the generalization of this result to two subsystems of unequal spin.
I. INTRODUCTION
The uncertainty principle is a consequence of the noncommutativity of complementary variables. Specifically, two complementary operators A and B have spreads ∆A and ∆B, given by roots-of-variances V (A) and V (B), respectively, that satisfy the inequality ∆A∆B ≥ | C |/2 where iC = [A, B] . Often natural units can be employed such that A and B are dimensionally equivalent and ∆A ≥ | C | and ∆B ≥ | C | for a typical state. Under these conditions, | C | represents a fundamental noise limit, which is known as the standard quantum limit. This standard quantum limit is especially important in quantum metrology. One example is optical interferometry, for which semiclassical input states (which can be expressed as a mixture of Glauber-Sudarshan coherent states) have, at best, vacuum fluctuations; in this case A and B are the canonical harmonic oscillator operators, and each of ∆A and ∆B exceed 1 2 . Spin systems, whose dynamical operators J x , J y , and J z , satisfy iJ z = [J x , J y ], are another example: the standard quantum limit for ∆J x and ∆J y is | J z |. An objective of quantum metrology is to prepare states whose noise level is less than these standard quantum limits; such states are generically known as 'squeezed' because of the reduction, or squeezing, of the fluctuations below the standard quantum limit.
Spin squeezing, for which the uncertainty in one spin component is reduced below the standard quantum limit, has been studied extensively [1, 2, 3, 4] and is especially important for applications to high-resolution spectroscopy [2] . Furthermore, spin squeezing has become important because spin squeezing implies entanglement within the spin system [3] . For two spin-1/2 systems, pure entangled states are equivalent to spin-squeezed states under local unitary transformations [4] . For bipartite spin systems, pure two-mode spin-squeezed (TMSS) states [5, 6, 7, 8, 9] , which exhibit strong correlations between spin components of the two subsystems, have been shown to be entangled [8, 9] ; that is, two-mode spin squeezing is a sufficient condition for entanglement.
Thus we know that two-mode spin squeezing implies entanglement for two-mode spin systems. The open question is whether entanglement is equivalent to two-mode spin squeezing up to local unitary transformations. Here we show that, for pure states of two spin systems of equal dimension, two-mode spin squeezing after application of local unitaries is a necessary condition for entanglement, except for a set of bipartite pure states of measure zero. Thus two-mode spin squeezing can be considered to be approximately equivalent to entanglement, in the sense that the exceptions are of measure zero. Furthermore we show that two-mode spin squeezing is not equivalent to entanglement for (a) mixed states, (b) two spin systems of unequal dimension, or (c) the restriction of the local unitary operations to rotations. For these cases, the set of exceptions has nonzero measure.
II. EQUIVALENCE
We apply the superscript (1) or (2) to the spin operators J k to indicate the subsystem. We take these subsystems to each be of fixed total spin; that is, we do not consider superpositions of different total spins. In this section we take both subsystems to have the same spin, j. Sums and differences of the spin operators are denoted by J
k ±J (2) k , and the usual criterion for two-mode spin squeezing may then be expressed as
Any pure entangled state may be expressed, via a Schmidt decomposition, as |Ψ = j m=−j ψ m |ϕ m |χ m , where ψ m are the Schmidt coefficients, and |ϕ m and |χ m are orthonormal bases for the two spin systems. The Schmidt coefficients are nonnegative real numbers, and we label them such that they are in nondescending order.
Using local unitary operations, we map the bases |ϕ m and |χ m to the bases of J z eigenstates, thus obtaining
with |m 1 , m 2 z ≡ |m 1 z |m 2 z . The state (2) satisfies certain symmetry conditions. The first is that the expectation values of the x-and y-spin components are zero. To see this, note that J
where we have used the subscripts x, y and superscripts (+, −) to indicate that the same derivation holds for any of these operators. Thus we have J
We may show that these variances are equal using a similar method:
Therefore, in order to show that the state |ψ is a TMSS state, it is sufficient to establish that
We can show this result by simply evaluating the left-hand side. Expanding Eq. (6) yields
where we have used (J (1)
x ) 2 , which follows from symmetry. From the calculations in Appendix A, we obtain
Because the ψ m are nonnegative and in nondescending order, (ψ m − ψ m+1 )ψ m ≤ 0. In addition, if the Schmidt coefficients take more than one nonzero value, there must be a value of m such that ψ m and ψ m+1 are not equal and both nonzero, which implies that (ψ m − ψ m+1 )ψ m < 0. Therefore, provided the nonzero Schmidt coefficients of |ψ are not all equal, (J
z /2 is stricly less than zero, and |ψ is a TMSS state. Thus we have shown that all states with Schmidt coefficients that take more than one nonzero value are equivalent to TMSS states under local unitary operations.
III. CASE OF EQUAL SCHMIDT COEFFICIENTS
For the case where the nonzero Schmidt coefficients of the state are all equal, the proof given in the previous section does not apply. This case includes (i) unentangled states, (ii) maximally entangled states with all Schmidt coefficients equal, and (iii) states with some of the Schmidt coefficients zero, and the remainder equal. For the third case, if we restrict to the subspaces for the two subsystems that are spanned by the states in the Schmidt decomposition, the state is maximally entangled. For case (i), the states are unentangled, so it is clear that they can not be equivalent to TMSS states [8, 9] . Cases (ii) and (iii) comprise a set of bipartite pure spin states of measure zero so, although these states can be exceptions to the principle of equivalence between TMSS and entanglement, they are rare in that the probability for such states is zero when selected according to the Haar measure.
It is easily seen that, for case (ii), the states are counterexamples to the principle of equivalence between TMSS and entanglement. For maximally entangled states, the reduced density operator for each subsystem is the identity, so J (+) z = 0, and the state clearly cannot be TMSS under any local unitaries. For case (iii), the state |ψ in the form (2) is not TMSS. This does not eliminate the possibility that there are local unitary operations that bring the states to TMSS form. However, numerical searches have failed to find such operations.
IV. EXTENSIONS TO OTHER CASES
The results that we have presented have three requirements; that the spins are equal, the states are pure, and arbitrary local unitary operations are allowed. Below we present examples demonstrating that if any of these three requirements are lifted, by allowing unequal spin, mixed states, or restricting to local rotations, then equivalence does not hold for a set of states with nonzero measure.
A. Unequal spin
The approach we use is to show that there is a state such that the strict inequality
holds under any combination of local unitary operations. From the continuity of fidelity and the expectation values, there must be a finite region of states near this state that are also not TMSS under any local unitaries. Hence, finding a state satisfying (9) is sufficient to show that the equivalence between entanglement and two-mode spin squeezing fails to hold for a region of states with nonzero measure. For unequal spin, we consider the state for j 1 = 1 2 and j 2 = 1:
Because [J (−)
From the derivation of this inequality, for equality it would be necessary that V (J (−) |, and we obtain the strict inequality (9) . Hence equivalence between TMSS and entanglement fails for a set of states whose measure is not zero.
B. Mixed states
For the case of mixed states, we consider the example of the Werner state
with |Φ a maximally entangled state. This state is entangled for α > 1/(2J + 2) [10] . In addition, the local reduced density matrices are proportional to the identity, and therefore J (+) z must be equal to zero under any local operations. In addition, because this state is not maximally entangled, it can not satisfy V (J (−)
y ) = 0 (see Appendix B). Thus, the strict inequality (9) is satisfied, and there is a set of nonzero measure such that the equivalence between TMSS and entanglement fails.
C. Local rotations
We can use a similar method for the case where the local operations are restricted to rotations. For j = 1, consider the state
which satisfies J (1,2) k = 0, where k ∈ {x, y, z}. Therefore, it will be the case that J (+) z = 0 under any combination of local rotations. In addition, this state is not maximally entangled, and therefore can not satisfy V (J (−)
y ) = 0. Thus, this state must satisfy the strict inequality (9) under any combination of rotations. This means that, in addition to the state |ψ , there is a finite region of states that are not equivalent to TMSS states under local rotations.
V. CONCLUSIONS
We have shown that any entangled pure bipartite state of two subsystems with equal spin is equivalent to a two-mode spin-squeezed state under local unitary operations except for a set of states with measure zero. This equivalence between two-mode spin squeezing and entanglement establishes a profound connection between correlations that exceed the standard quantum limit, which is so important for quantum metrology, especially high-resolution spectroscopy, and entanglement, which provides a resource for quantum information processing. Aside from the fundamental importance of this equivalence principle, a practical merit of this result is that two-mode spin squeezing provides a macroscopic signature of underlying entanglement, which will be useful in identifying the presence of entanglement in physical systems.
Exceptions to this equivalence principle are maximally entangled states, either in the full Hilbert space or in a restricted Hilbert space. Such states comprise a set of measure zero, so the equivalence principle holds in an approximate sense. We have shown, by providing counterexamples, that this equivalence principle cannot be extended to the general cases of hybrid-spin systems or mixed states.
APPENDIX A
In order to establish TMSS, we must evaluate the three expectation values in Eq. (7) for the state (2) .
with α m = j(j + 1) − m(m + 1)/2. We allow the states |−j − 1 and |j + 1 , provided they are multiplied by zero, which is the case here because α −j−1 = α j = 0. This expression simplifies to
Similarly,
Lastly, evaluating J (+) z /2 gives
Consider a state that satisfies
This state must be an eigenstate of both J (+) y and J (−)
x . In addition
where n = 1 or 2. Therefore V (J (−) z ) = 0, so the state is also an eigenstate of J
z . Similarly we find
Thus the state must be an eigenstate with eigenvalue zero of each of J 
For generality we have allowed the possibility of unequal spins in the two subsystems, and j min = min{j 1 , j 2 }. Note that the spins must be both integer or both half-odd integer, because otherwise J The reduced density matrices for subsystems 1 and 2, ρ 1 and ρ 2 , commute with each of the local spin operators J x , J y , and J z , and therefore are multiples of the identity. This implies that the spins for the two subsystems are equal, and |ψ is maximally entangled.
We may show the corresponding result for a general mixed state ρ from the fact that the variance is a concave function of the state. A general mixed state ρ can be written in the form ρ = k p k |ψ k ψ k |. If ρ satisfies Eq. (B1), then the individual pure states |ψ k must satisfy Eq. (B1) also. However, as shown above the only pure state that satisfies Eq. (B1) is the maximally entangled state. Therefore this is the only solution if we allow mixed states also.
